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Abstract. We introduce group corings, and study functors between 
categories of comodules over group corings, and the relationship to 
graded modules over graded rings. Galois group corings are defined, 
and a Structure Theorem for the G-comodules over a Galois group cor- 
ing is given. We study (graded) Morita contexts associated to a group 
coring. Our theory is applied to group corings associated to a comodule 
algebra over a Hopf group coalgebra. 



Introduction 

Group coalgebras and Hopf group coalgebras were introduced by Turaev 
[15] . A systematic algebraic study of these new structures has been carried 
out in recent papers by Virelizier, Zunino, and the third author (see for 
example [HI [T71 [181 021 ED E2] ) • Many results from classical Hopf algebra 
theory can be generalized to Hopf group coalgebras; this has been explained 
in a paper by the first author and De Lombaerde [6], where it was shown 
that Hopf group coalgebras are in fact Hopf algebras in a suitable symmetric 
monoidal category. 

In [20], the third author investigated how Hopf-Galois theory can be devel- 
oped in the framework of Hopf group coalgebras. A definition of Hopf-Galois 
extension was presented; the requirement is that a set of canonical maps, 
indexed by the elements of the underlying group, has to be bijective. One 
aspect in the present theory that is not satisfactory is the lack of an appro- 
priate Structure Theorem: an important result in Hopf-Galois theory states 
that the category of relative Hopf modules over a faithfully flat Hopf-Galois 
extension is equivalent to the category of modules over the coinvariants. So 
far, no such result is known in the framework of Hopf group coalgebras. 
Corings were introduced by Sweedler [14], and were revived recently by 
Brzezihski [3!]. One of the important observations is that coring theory pro- 
vides an elegant approach to descent theory and Hopf-Galois theory (see 
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IHIHEj). The aim of this paper is to develop Galois theory for group cor- 
ings, and to apply it to Hopf group coalgebras. 

A G-j4-coring (or group coring) consists of a set of A-bimodules indexed by 
a group G, together with a counit map, and a set of diagonal maps indexed 
by G x G, with appropriate axioms (see Section [T|). A first remarkable ob- 
servation is the fact that we can introduce two different types of comodules 
over a group coring C. C-comodules consist of a single ^-module, with a 
set of structure maps indexed by G, while G-C-comodules consist of a set of 
j4-modules indexed by G, together with structure maps indexed by G x G. 
We have a pair of adjoint functors between the two categories of comodules 
(see Proposition II. ip . This remarkable fact can be explained by duality ar- 
guments. Dualizing the definition of a G-vl-coring, we obtain G-A-rings; in 
the coalgebra case, this was observed in |21| . In contrast to G-corings, G- 
rings are a well-known concept: in fact there is a categorical correspondence 
between G-A-rings and G-graded A-rings. The graded ring corresponding 
to a G-ring is the so-called "packed form" of the G-ring, in the terminology 
of [21]. We don't have a similar correspondence between group corings and 
graded corings, unless the group G in question is finite. This indicates that 
duality properties for module categories over graded rings have to be studied 
from the point of view of group corings, rather than graded corings. 
Over a graded ring, one can study ordinary modules and graded modules, 
and there exists an adjoint pair between the two categories. We also have 
functors from the categories of C-comodules (resp. G-C-comodules) to mod- 
ules (resp. graded modules) over the dual graded ring of C. All these 
functors appear in a commutative diagram of functors (see Proposition 14. 5p . 
The functor between the category of G-C-comodules and graded modules is 
an equivalence if every C a (or equivalently, every homogeneous part of the 
dual graded ring) is finitely generated and projective as an A-module (see 
Proposition |4.4p . These properties of (co)module categories are studied in 
Sections (US and H 

An important class of group corings, called cofree group corings, is investi- 
gated in Section [2J Basically, these are corings for which all the underlying 
bimodules are isomorphic. A cofree coring is - up to isomorphism - de- 
termined by C e , its part of degree e; its left dual is the group ring *C e [G] 
over the left dual of C e (Proposition I4.6p . The category of G-C-comodules is 
equivalent to the category of comodules over C e (Theorem I2.2p . This is an 
analog of the well-known fact that, for a group ring i?[G], the category of 
graded R[G] -modules is equivalent to the category of R- modules. 
In Section we introduce the notion of grouplike family of a group coring. 
Grouplike families correspond bijectively to C-comodule structures on A. 
Fixing a grouplike family, we can introduce the coinvariant subring T of A. 
We have two pairs of adjoint functors, one connecting modules over the coin- 
variants to right C-comodules (Proposition 15. 3p , and another one connecting 
modules over the coinvariants to right G-C-comodules (Proposition I5.4| ). It 
can be established when the latter adjoint pair, denoted {Fj^Gj), is a pair 
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of inverse equivalences. Given a group coring C with a fixed grouplike fam- 
ily, we can define a canonical morphism of group corings between the cofree 
coring built on the Sweedler canonical coring and the coring C. If Fj is 
an equivalence, then this canonical morphism is an isomorphism (Proposi- 
tion [5?7]). In this case, we call our group coring a Galois group coring. This 
is equivalent to C being cofree, and C e being a Galois coring. The Structure 
Theorem 15. 121 is our main result. Basically, if C is Galois, and A is faithfully 
flat over the coinvariants, then Fj is an equivalence. 

Morita theory plays an important role in this theory. To a group coring with 
a fixed grouplike family, we can associate several Morita contexts. Two of 
them are classical Morita contexts, and have been studied in a special sit- 
uation (see Section [TO]) in [20] . But the natural Morita contexts are in fact 
graded Morita contexts. In Section [6] we give some generalities on graded 
Morita contexts; in Sections [7] and [8] we discuss the Morita contexts and 
their relationship. 

In some situations, the Galois property of a group coring can be charac- 
terized by the graded Morita contexts associated to it. We study this in 
Section [9] In the final Section [TO] we briefly discuss the situation where C is 
a group coring A®H_ associated to a right ij-comodule algebra A, where H 
is a Hopf group coalgebra, as introduced in [15]. We show that this group 
coring is Galois if and only if A is an if-Galois extension in the sense of |20j . 
This entails a Structure Theorem for relative group Hopf modules; we also 
describe the dual of the group coring A® H. 

Throughout this paper, we will adopt the following notational conventions. 
For an object M in a category, M will also denote the identity morphism 
on M. 

Let G be a group and M a (right) ^4-module. We will often need collections 
of ^4-modules isomorphic to M and indexed by G. We will consider these 
modules as isomorphic, but distinct. Let M x {a} be the module with index 
a. We then have isomorphisms 

fi a : M — > M x {a}, ^ a {m) = (m, a). 

We can then write M x {a} = fi a (M). \i can be considered as a dummy 
variable, we will also use the symbols We will identify M and 

M x {e} using /j, e . 

1. Group corings and comodules 

Let G be a group, and A a ring with unit. The unit element of G will be 
denoted by e. A G-group A-coring (or shortly a G-j4-coring) C is a family 
{C a ) a& G of ^4-bimodules together with a family of bimodule maps 

^a,0 '■ Ca/3 Ca ®A Cp ; E \ C e — > A, 

such that 



(1) 
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and 

(2) (C a ® A e) ° &a,e = C Q = (e ® A C Q ) o A eQ , 

for all a, /3, 7 € G. We use the following Sweedler-type notation for the 
comultiplication maps A aj/ g: 

Aa J( a(c) = C( ljQ ) ®A C( 2 ,/3), 

for all c G C a p. Then takes the form 

( 3 ) C(l,a)£(C(2, e ) ) = c = e(c (lje ) )c( 2jQi ) . 
(H|) justifies the following notation: 

((A a ^(g) A C y )oA al3n )(c) = ((C a (» J 4A / 3 >7 )oA ai/37 )(c) = c (1)a )<guc( 2)/ 3)®AC(3, 7 ), 

for all c G Cq,^. If C is a G-A-coring, then C = C e is an ^-coring, with 
comultiplication A e ^ e and counit e. 

A morphism between two G-^-corings C and P consists of a family of A- 
bimodule maps (f a )a&G, fa' C a — > X> a such that 

(/a ®A /a) ° A Qj/3 = A a)/3 o and eo f e = e. 

If ^4 is a commutative ring, and ac = ca, for all a G G, a G A and c G C a , 
then C is called a G-coalgebra, cf. |15j . 

Over a group coring, we can define two different types of comodules. A right 
C-comodule is a right ^4-module M together with a family of right yl-linear 
maps (p a )a£G, Pa'- M —> M ®a C a , such that 

(4) (M <g> A A Qj/3 ) o Pa p = ( Pa ® A Cp) o Pf3 
and 

(5) (M ® A e)o Pe = M. 
We use the following Sweedler-type notation: 

p a (m) = m[ ] (£>a m{i,a]- 

(J4j) justifies the notation 

((M (g> A A Qj/ g) o p a/3 )(m) = ((p a ® A Cp) o Pp){m) = m [0 ] <8>A?™[1, Q ] ®A™[2,/3], 

and ([5]) is equivalent to mp^e(m^i^) = m, for all m G M. 

A morphism of right C-comodules is a right ^4-linear map / : M — > iV 

satisfying the condition 

(6) (/ ®a C a ) o p a = p a o f, 

for all a G G. A4— will be our notation for the category of right C-comodules. 

A right G-C-comodule M is a family of right A-modules (M a ) a€ Gi together 
with a family of right A-linear maps 

Pa,j3 '■ M a/3 -> M a <g> A C/3 
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such that 

(7) (M a ® A A/3 )7 ) o Pafil = (p Qj/3 ® A C 7 ) o Pa(3a 
and 

(8) (Af a <8>a e) o p Q , e = M a 

for all a,/3,7 G G. We now use the following Sweedler-type notation: 

Pa,p(™>) = m [0,a] ®A ™[l,/3], 

for m G M Q| g. ((Jj) justifies the notation 

((M a ® A A ft7 ) o j o Q)/ 3 7 )(m) = ((p a)/ 3 <8> a C 7 ) o p a p a )(m) 

= W[ , a ] (8> a m[i jj3 ] (8> a m [2j7 ] , 

for m G M a/ 3 7 . (jHJ) implies that 7^[o )a ie(m[i ie ]) = m, for all m G M a . A 
morphism between two right G-C-comodules M and iV is a family of right 
A-linear maps f a : M a — ► N a such that 

(fa ®A Cp) ° Pa,P = Pa,P /a/3- 

The category of right G-C-comodules will be denoted by M G '-. 

Proposition 1.1. We have a pair of adjoint functors (F±,Gi) between the 
categories A4 G, ~ and Mr-. Moreover, if G is a finite group, then (F\,G\) is 
a Frobenius pair of functors, i.e. F\ is also a right adjoint of G\. 

Proof. Take M = (M a ) aeG G M G ^, and define 

F l {M) = ®M a = M. 

a£G 

The coaction maps p a : M — > M (8a C a are defined as follows: for m G Mg, 
let 

(9) p a (m) = m Wa -i] 8>a m[i )0 ] . 

Otherwise stated, p a = (&q € c Ppc 1 ^- Let us show that (|4|5p hold. For all 
m G M 7 , we compute that 

((Pa ®A C B ) o pp)(m) = (p a ®A Cp) (m[ 0)7y g-i] 0A "T-[l,/3]) 

= ^[Oa/?- 1 "- 1 ] ®^ m [lja] <8a m [2j/ g] 

= ((M(8a A a)j9 ) op a/3 )(m); 
((M (8a e) o pe)(m) = m^e{m^) = m. 
For a morphism / : M —* iV in M- >-, we simply define 

Let us now define Gi. For M G let Gi(M) Q = p a (M), where we use 
the notation introduced at the end of the introduction. The coaction maps 
Pa,p '■ p a p(M) — > p a (M) (8 a Cp are defined by 

(10) p a ,p(p a p(m)) = p a (m [0] ) ®a "i[i,/3], 
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for all m G M. The formulas (|7|8|) hold since 

((M Q <S>A o Pa^ipa^m)) 

= (M a ® A Ap a )(p a (mi ]) ®a m [i,/3j]) 
= Pa(mia]) ®a m[i,i3] ®A m[ 2)7 ] 

= ((Pa,y9 ®a C 7 ) o p Q ,,a i7 )( / u Q , j a 7 (m)); 
((M a ®a e) ° p ate )(p a (m)) 

= (M a ®a e)(/x a (m[ ]) <8>a ™[i,e]) 

= Ma("*[ ])e(m[i ie ]) = Ata(jn [0 ]e(m[ 1>e ])) = 

On the morphisms, Gi is defined as follows: for / : M — > iV in A4— , we put 

G l(/) = (fa / Pa^aeG- 
Take M G A4 G '- and iV € A4— , and consider the map 

ip : Hom-(Fi (M),iV) -» Hom G£ (M, <n(JV)) 

defined as follows. For / : QgG M a — ► iV, let 

W)a = o / o i Q : M Q G x (iV) Q = u a (N), 

where i a : M a — > (J) Qg G- M Q is the canonical injection. Now consider the 
map 

4> : Hom G£ (M, Gi(N)) -» Hon£(Fi(M), iV), 
defined as follows: for g = (g a )aeG '■ M. ~ * G\(N), let 

(j)(g)(m) = ^(f^ofco^jfm), 
aeG 

where now p a : © QgG M a — > M a is the canonical projection. Straightfor- 
ward computations show that ip and <f> are well-defined. They are inverses, 
since 

0C0(/))M = ^Z^" 1 ° ^ Q ° f oi a°Pa)(m) = /(^(j„op Q )(m)) = /(m), 
agG aeG 

for all in G QgG M a , and 
ip(<l>(g))a(m) = (^q ° 0(5) i«)(m) 

= ^(Va ^ °5/3 °P(3°!«)H = (^Q ^q 1 9a){™) = 9a(m), 
0eG 

for all a G G and m G M Q . It is easy to show that t/> and (ft define nat- 
ural transformations. Let us describe the unit 771 and the counit E\ of the 
adjunction. For M G A4 G '-, we have 

m,M,P = H i P '■ M p-> M a); 

aeG 
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for N G M-, we have 

e 1 , N =Y,»a 1 °P*-- 0Ma(iV)^iV. 

aeG aeG 

To prove the final statement, let us assume that G is finite. Take M G .M G '- 
and ./V G .M— , and consider the map 

$ : Hom G£ (Gi (N),M_) -► Hon£(iV, Fi(M)), 

defined by 

«€G aeG 

for all morphisms 5 = (g a )aeG '■ G\(N) — > M in ,M G '-. Now consider the 
map 

* : Hom £ (iV,Fi(M)) -> Hom G '-(Gi (iV) , M) , 

defined by 

*(/)c =Pa°f°Va 1 -- fi a {N) -»• M a , 

for all right C-colinear maps / : iV — ► © ae( ^ M a . One can check that $ and 
\1/ are well-defined. Let us check that <E> and VP are mutually inverse: 

$(*(/))(n) = ^(i Q o*(/) QO/ x Q )(n) 

aeG aeG 
for all n G iV, and, for all a G G, 

*(*(g))a =P« 0$ (9) / 1 a 1 = ^(PaOipOgpOHpOfl- 1 ) 

P&G 

= 9a Ma /"a 1 = 5a- 

Let us finally describe the unit z/i and the counit ("1 of this adjunction. For 
N G M-, we have 

^1,JV = ^2 ia /"a : ~> fc(^); 
aeG aeG 

for M G M G, ~, we have 

Cl,M,/3 = P/3 : M/3(0 M a) -> M^. 

aeG 

□ 
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2. COFREE GROUP CORINGS 

Definition 2.1. A G-A-coring C is called cofree if there exist ^4-bimodule 
isomorphisms j a : C = C e — > C a such that 

(11) A Qi/3 (7 a/3 (c)) = 7 tt (c ( i)) ®4 7/3(C(2)), 

for all c E C 



From d2P and (HU), it follows that 

(£ ° 7a 1 )(7a/3(c)(l,a))7a/3(c)(2,/3) = 7/9 (c), 

for all c € C. This can be restated as follows: for all c € 7 a /?(C) = C Q( g, we 
have 

(12) (e ° 7a 1 )(c(i,a))c( 2) /3) = (7/3 ° 7^s)(c)- 
In a similar way, we obtain the formula 

(13) C(l i£ ,)(£°7/)(C(2,(3)) = {la°l~l){c)- 

A cofree group coring C is defined up to isomorphism by C e . We will write 
C = C e {G). 

Theorem 2.2. If C is a cofree group coring, then the categories M e and 
A4 are equivalent. 

Proof. We define a functor F 2 : .M Ce — * M G '- as follows: F 2 (N) a = v a {N) 
is an isomorphic copy of N; the coaction maps are 

Pa,p ■ v aj3 (N) -» i/ a (JV) ®a 7/3 (Ce), p a ,p{vap{n)) = U a (n[ ]) ®A 7j8( n [l])' 

We also have a functor G 2 ■ M G '- — > .M Ce , G 2 (M) = M e , with coaction 
Pe t e = p. It is then clear that G 2 (F 2 (N)) = N, for all N € M Ce . For 
M € M G '-, we have that 

F 2 (G 2 (M)) = {u a {M e )) a&G . 

It is clear that the map 

<p a : M a > v a (M e ), ^a(m) = ^ a (m[ 0ie] )e(7^ 1 (m [1)Q ])) 
is right A-linear. ip = (<p a )aeG is a morphism in M. , since 

(((/?„ ®a Cp) o p a> p)(m) = ip a (m[o,a]) ®A mp.,/3] 

= ^(m [0je] )(e o 7 Q : 1 )(m [1]Q] ) A m [2)j3] 
j i * * i 

"!«(%]) ®A (7/3 O 7^ )(m[i, afl) 



\13l i _ \ 

= f«(m[o,e]) ®A 7/?( m[i, e ](e o 7 a/3 )(m[ 2ia ^. 



f«(™[o,e]) «U 7/3(m [1>e] )(e o ■y a ^)(m [2 a(3] ] 
Pa,p(v a p(rn [0:e] ))(e o 7~^)(m[i >a/3 ]) 
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for all m S M a n. Next we define 

ip a : v a (M e ) -> M a , i> a {v a {m)) = m [0iQ ](e o 7~-i)0™[i,a-i] 
For all m € M a , we compute 

° fa){m) = ^a(^a(W[0,e])e(/a 1 (^[l,a]))) 

= "»[0,a](E ° 7«-i)(^[l,a-i])(e ° 7a 1 )("*[2,a]) 
= "»[ 0ia] (e o 7~i 1 )(m [lia -i](e o 7a 1 )( m [2,a]) 



= "l[0,a]( £O 7 a -i)((7 Q -i °7e ^(^l.e])) 
= "J[0,a]£(™[l,e]) = m. 

For all m € M e , we have 

(<P«Olf> a ){u a (m)) = ^("l[0,a]( eO 7~-i)( m [l,a- 1 

= U a (m[ 0)e ])(E o 7a 1 )(m[i, a ])(e 7~-l)(W[2,a-i]" 

= I>a(m[o,e])(£ ° 7a 1 )(^[l,a](e ° 7a-i)("*[2,a-i]) 

= ^a(?™[0,e])0 7a 1 ° 7a ° 7 e _1 ) (™"[l,e] ) 
= ^a(m[0, e ]£( m [l,e])) = ^a(W). 

This shows that ip a is inverse to yj Q , and our result follows. □ 

3. Graded corings and comodules 

Let C be an ^4-coring, C is called a G-graded A-coring if there exists a 
direct sum decomposition C = ® ae £jCa as ^4-bimodules such that A(C a ) C 
©/^G^- 1 ®A C/3 and e(C a ) = if a ^ e. 

If ^4 is a commutative ring, and ac = ca, for all a € A and c € C, then C is 
called a G-graded coalgebra, cf. [12]. 

To a G-graded ^4-coring, we can associate a G-^-coring C = (C a ) a <=G- The 
counit is the restriction of e to C e , and A a n is the composition 

C a f3— -> @ C a/ 3 7 -i (E>A Cy^-^Ca ®A Cp, 

where p is the obvious projection. 

Let (M, p) be a right C-comodule. For each a £ G, we consider the map 

(M® A p Q )op : M^M® A C a , 

where p a : C — > C a is the projection. Then M is a right C-comodule, and 
we obtain a functor J\A C — » A4— . 

(M, p) is called a G-graded right C-comodule if we have a decomposition 
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M = © aeG M a as right vl-modules, such that 

p{M a ) C 0M Q/3 -i ® A Cp. 

/3GG 

Now consider the maps 

Then M = (M Q ) a6 c is a right G-C-comodule, and we have a functor from 
the category of graded C-comodules to M G '-. 

If G is finite, then there is a one-to-one correspondence between graded 
corings and group corings: if C is a group coring, then © aeG C a is a graded 
coring. In this situation the two functors between (G-graded) C-comodules 
and (G-)C-comodules are isomorphisms of categories. 

4. Graded rings and modules 

Let A be a ring and R = (B a! =G R a a G-graded ring. Suppose that we have 
a ring morphism i : A — > i? e . Then we call i? a G-graded ^4-ring. Every 
i? a is then an A-bimodule, via restriction of scalars, and the decomposition 
of R is a decomposition of A-bimodules. The category of G-graded right 
i?-modules will be denoted by M^. 

Let C be a G-yl-coring. For every a G G, R a = *C a -i = AHom(C a -i , A) is 
an ^4-bimodule, with 

(a-f-b)(c) = f(ca)b, 
for all / £ a, b G A and c £ C Q -i. 

Take / a G G i?g and define f a #9f3 G as the composition 

C (a/3)-i > C^-l (g>A C Q -l ► Cg-l 

that is, 

ifa#gp)(c) = ^(C(i >i9 -i)/a(C(2 1 a-i))) > 
for all c G C( Q| g)-i . This defines maps : ®_a Rp — > i? aj g, which make 

i? = aeG -Rq into a G-graded A-ring. Let us show that the multiplication 
is associative: take /i 7 G i? 7 and c G C( Q( g 7 )-i- We then compute that 

{(fa#9l3)#h^){c) = ^ 7 (c ( i i7 -i)(/ Q #5/3)(C(2,(a/3)-i))) 

e G i? e is a unit for the multiplication; i : A — > i? e , i(a)(c) = e(c)a is a ring 
homomorphism, since 

(i(o)#i(6))(c) = i(6)(c(i )C )i(a)(c( 2)C ))) = i(6)(c(i )e )e(c( 2)C ))a) 
= i(b)(ca) = e(ca)b = e{c)ab = i(ab)(c). 

We conclude that R = © ae c R a is a G-graded A-ring, called the (left) dual 
(graded) ring of the group coring C. We will also write *C = R. 
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Suppose we are given a morphism / = (f a )aeG '■ 0. ~* H. °f G-^-corings, its 
left dual is defined as the G-graded ^4-ring morphism 

*Z=07«-i :*V = R' ^*C = R, */(£&*) = £<fa%-i- 

aeG aeG aeG 

For every a G G, i?* = Hom j 4(i? a , A) is an A-bimodule, with structure 
maps 

(a-h-b)(f) = ah(bf), 
for all a, 6 G A, f G and /i G i?^,. We have an A-bimodule map 

L a : C a -i -> J?*, L a (c)(f) = /(c). 

If C a -i is finitely generated and projective as a left ^4-module, then t a is an 
isomorphism of ^4-bimodules. Since 

R* =Kom A (R,A) = Kom A (Q)R a ,A) = ]JK= ]J R* a -u 

aeG aeG aeG 

the L a define an ^4-bimodule map 

aeG aeG aeG 

We say that a group ^4-coring C is left homogeneously finite if every C a is 
finitely generated and projective as a left vl-module. In this case i is an 
isomorphism. 

Proposition 4.1. Let C_ be a G-A-coring, with left dual graded ring R. We 
have a functor F% : Ai G '- — > which is an isomorphism of categories if 
C is left homogeneously finite. 

Proof Take M = (M a ) aeG G X G £. The maps 

ip a ,p : M a ®a R(i -> M a/3 , ip a ^(m ® A f) = m- f = m[o ja( 3]/(m[ 1)/9 -i]), 
are well-defined, since 

^aA ma ®A f) = m[o, a/ j]/(m[ 1)j9 -i]a) 

= ni[o )a /?](a • /)(^[i,/3-i]) = ^a,/3(m a • /). 
Y> a)/ g is right ^-linear: 

^ Q)/3 (m ®a / • a) = m [0)Q/ 3](/ • a)(m [1)/3 -i]) 

= n»[o,a/J]/(n»[i, / 9-i])a = ^a,/?( m ®a f)a. 
We also compute that 

m ■ e = ip a , e {m ® A e) = m[o,a]£(»™[i,e]) = m; 
if <? G Ry, then we have 

m ■ (/#</) = m [0) ^ 7 ] (/#£?) (m [1)() 9 T) -i]) = m [0iQ/ 3 7 ]5'("i[i, 7 -i]/(^[2,/3-i])) 
= ( m [o,a/3]/(^[i,/3-i])) ■9={m-f)-g. 
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This shows that (B aG c M a = F^(M_) is a G-graded R- module. For a mor- 
phism / : M -> N in .M G£ , we define F 3 (/) = a6G f a . □ 

Before we prove the second part of Proposition 14.11 we state and prove two 
Lemmas. 

Lemma 4.2. Let A be a ring, and M,P £ A M, with M finitely generated 
and projective, with finite dual basis f^ ®a (finite sum is implicitly 
understood). Then 

/Ji ®APi = 9j Qj in *M ® A P 

i 3 

if and only if 

^2fi(m)pi = J29j(m)qj, 

i 3 

for all m £ M. 

Proof. One direction is obvious. Conversely, we have 

i % 

= Yl f {a) ®* fi( m(a) )pi = E f {a) ® a 93( m(a) )<i3 

* 3 
3 3 

□ 

Lemma 4.3. Lei C_ be a left homogeneously finite G-A-coring. Let f^ ®a 
c(°) € i2 a -i £3 a C a be the finite dual basis of C a as a left A-module. Then 

(14) /0*r) ® A A /3)7 (c^)) = ®a c (/3) ® A c (7) . 

Proof. For all c £ Cg 7 , we have 

(/(7) # /(«)( c)c OT 0A c (7) = /(«( C(li/3) /W( C(2j7) ))c^ ® A C« 

= c (1 ^/W(c (2i7) ) A c« = c (li/3) A /W(c (2j7) ) C W 

= C(i i/3 ) ®yi C( 2)7 ) = A /3>7 (c) 

= A A7 (/^(c)c^)) = /^)(c)A A7 (c^)). 



(|14p now follows after we apply Lemma 14.21 with M = Cp^ and P = Cp ®a 
C 7 . □ 



Proof ( of the second part of Proposition \4-l\ )- Assume that every C a is finitely 
generated and projective as a left A-module. Let M be a G-graded right 
-R-module, and consider the maps 

Pa,p ■ M a/3 -> M a ® A C/j, p a ,/3(m) = m ■ / (/3) «u c (/3) . 
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These maps make (M Q ) a6 G into an object of A4 G '-. We first verify the 
coassociativity conditions: 

((M Q ® A A A7 ) o Pa ^){m) = (M a ®a A /3i7 )(m • ®a c^) 

= m • ® A A A7 (c^))®m • A ®a cW 

= (p«,/3 ®a C 7 )(m • / (7) ®A c (7) ) = ((p Q)1 g ®A C 7 ) o p a ^)(m). 

The counit property can be verified as follows: 

((M a <S>a e) ° p a ,e){m) = m ■ p e 'e(cf- e >) = m ■ e = m. 

We have a functor G 3 : — > Ai G '-. On the objects, it is defined by 
G 3 (M) = M= (M a ) a( z G . For a graded iZ-module map / : M -> TV, we let 
Gs(f) a : M a — > 7V Q be the restriction of / to M a . 

We are done if we can show that F3 and G 3 are inverses. First take a graded 
.R-module M. Then (F 3 o G 3 )(M) = QgG M Q = M, with right inaction 
coinciding with the original right i?-action, since 

ip a A m ®A f) = "»[o,afl/("»[i, j 9-x]) = (m • / (/3 1} )/(c {/3 = m • /. 

Take M e M G &. Then (G 3 o F 3 )(M) = G 3 (0 aeG M a ) = (M a ) aeG = M. 
The coaction maps pa, j( g on (G 3 o i ? 3 )(M) coincide with the coaction maps 
p aj/ g on M, since 

Pa,/3(m) = m ■ fW ®a = m [0M f^{m [m ) ® A 

= m[o,a] ®A / (/3) ("i[i,/3])c (/3) = m[ , a ] ®a m[ li/9 ] = p a ,p{m), 
for all m G M W( g. □ 

Proposition 4.4. Lei C be a G-A-coring, with left dual graded ring R. We 
have a functor F4 : M— — > A4r. -F4 is an equivalence of categories if C is 
left homogeneously finite, and G is a finite group. 

Proof. Let (M, (p a )aeG) S For each oeG, the map 

ip a : M (g>A R a —* M, i> a (m ®a f) = m[o]/(m[i ja -i]). 

is well-defined, since 

i> a (ma ®a f) =m [0] f(m [la ~i ] a) = m [0 ](o • /)(m [1)Qi -i]) =i(m®ia-/). 
■0 Q is right A-linear since 

^? a (m (g>A / • a) = m [0 ](/ • a)(m [ljQ: -i]) = m[ ]/(m[ 1)Q -i])a = Va(m <Su /)a- 
We define a right inaction on M as follows: 

m ■ f = y~] tp Q (m ® A f a ), 

aeG 
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for all m £ M and / = X^agG fa £ © a eG Ra- This makes M into a right 
-R-module, since m ■ e = m^eimuS) = m and 

(m- f)-g = (m[ ]/(m [1)Q ,-i])) • 3 = "i[ 0]5 (m [li(3 -i]/(m[ 2iQ -i])) 

= m-[o](/#5 , )(m-[i,(a/3)-i]) = m ■ (f#g), 

for all / € i? Q and g € We let F^{M) = M with the above action; if 
/ : M — > JV is a morphism in A1-, then / is also right i?-linear, and we 
define F 4 (/) = /. 

If G is finite and every C a is finitely generated and projective as a left 
^4-module, then C = © ag G C a is a (G-graded) ^4-coring, that is finitely 
generated and projective as a left A-module. The left dual of the coring C 
is precisely the ring R, and M- = M c = Mr. □ 

Let R be a G-graded ring. It is well-known (see for example [131 Theorem 
2.5.1]) that we have a pair of adjoint functors (F$, G5) between the categories 
Mft and Mr. -F5 is the functor forgetting the G-grading; G5 is defined as 
follows: G§{M) = Qe G n a (M), with right .R-action 

Ha(m)r = (i a p(mr), 

for all m S M and r £ i?^. 

Proposition 4.5. Ze£ C be a G-A-coring, with left dual G-A-ring R. Then 
we have the following commutative diagram of functors. 




Proposition 4.6. The left dual of a cofree G-A-coring C_ is the group ring 

Re[G\. 

Proof. For every a € G, we have j4-bimodule isomorphisms 

7a" 1 : C e -* ^a- 1 ' 

*7«- 1 : *C a -i = R a —> *C e = R e , 

and 

^ = (*7a-0" 1 = *(7~- 1 l): Re^Ra- 
We then have the following property, for f E R e and c € C e : 

K(/))(7a- 1 (c)) = (*(7;- 1 1 )(/))(7 Q - 1 (c)) = /(7^ (7a- 1 (c))) = /(c). 

Using the formula 

A /3- 1 ,a- 1 (7(a/3)- 1 (c)) = 7/3- 1 (C(l)) ®A 7a- 1 (c( 2 ) ) , 
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we compute, for all c G C e and f,g G i? e that 

(/)(7a-i(C(2)))) 

= <7/j(0)(7/j-i(c(i))/(c(2))) = ^(5)(7/3- 1 (c(i)/(c( 2 )))) 

= 5(c(i)/(c( 2 ))) = (f#g)(c) = cr a p(f#g)(^ {a/3) -i(c)). 

The map : i2 e [G] — > R, 4>(ru a ) = a a (r) is a bijection. It follows from the 
above computations that it preserves the multiplication, so it is an isomor- 
phism of rings. It is clear that it preserves the grading. □ 

5. Galois group corings 

Let C = (C a ) a £G be a G-^l-coring. A family x = (x a ) a< =G G noeG^" is 
called grouplike if A. a p(x a p) = x a 0a xp and e(x e ) = 1, for all a, (3 G G. 

Proposition 5.1. There is a bijective correspondence between 

• grouplike families of C; 

• right C-comodule structures on A. 

Proof. Let x be grouplike; the maps 

p a : A -> A ® A C a = C a , p a (a) = 1 <S>a x a a, 

make A into an object of M-. Conversely, let (A, (p a )aeG) G M-, and let 
x a = PaO-A}- Then p a (a) = x a a. (x a ) aeG is grouplike since 

&a,p{ x <*p) = ((A ® A A Qj(9 ) o p a/9 )(U) = ((p Q ®A C/j) o p /3 )(l j4 ) 
= (Pa ®A Cp)0-A ®A Xp) = X a A Xp; 

e{x e ) = ((A ®a e) o p e )(l A ) = 1a- 

□ 

Example 5.2. Let C be a cofree group coring, and take a grouplike element 
x G G(C e ). Then (7 a (x)) a eG* is a grouplike family, since A Qj/ g(7 a(9 (ar)) = 

la(x) ®A 7/9^) and £ (7e(x)) = 1- 

Let (C, x) be a G-^-coring with a fixed grouplike family. For M G At-, we 
define 

M coQ - = {m G M | pa{m) = m ® A x a , Va G G}. 

Then 

T = ^4°°- = {o G A | ax a = x a a, Ma G G} 
is a subring of A. If B — > T is a morphism of rings, then we have, for all 
m G M c °£ and 6 G B that 

p a (mb) = m ®a x a b = m ®a bx a = mb ®a x a , 
so mb G M c °£. It follows that M co ^ G TW^. 

Proposition 5.3. With notation as above, we have a pair of adjoint functors 
(Fq = — 0b A,G$ = (— ) co -) between the categories Mb and M.-. 
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Proof. Let N G Mb- On N ®b A, we consider the following coaction maps: 

p a : N <S>b A — > N ®b A <g> A C a = N (£>b C a , p a (n ®b a) = n ®b x a a. 

It is straightforward to show that this makes N <&b A into an object of M-. 
Take N G Mb and M G A4— . We have an isomorphism 

<f> : Hom£(JV ®b A, M) -» Hom B (iV, M c ° e ), 

given by 

<f>(f)( n ) = f( n ®B 1a) ! </> _1 (5)( n ®B «) = ff(«)a. 

□ 

We also have a pair of adjoint functors between AIb and M G, ~. For M G 
M G, ~, we define 

M CO " = {{m a ) a&G G J| M a | p a ,p{m a p) = m a ® A xp, Va,/3 G G}. 

a£G 

Then M co ~ £ M B : if (m a ) aeG G M co ^ and 6 G B, then 

Pa,/3(m af 3b) = m a A xpb = m a ® A bxp = m a b ® A xp. 

In Proposition 15.41 we use the functors G\ and Fq defined in Propositions 
[TTlandPl 

Proposition 5.4. With notation as above, we have a pair of adjoint functors 
(F 7 = G\o F 6 , G 7 = (-) co -) between the categories Mb and M G, ~. 

Proof. Observe first that Fj(N) = (p a (N (g>B A)) a€ G, with coaction maps 
Pa,p '■ P-ap{N ®b A) —> p a {N <S>b A) ® A Cp given by the formula 

Pa,p(Pap{n ®b a)) = p a (n (8>b 1a) ®a xpa. 
Take N G Mb, K G M G '-. We define a map 

cj) : Hom G£ (F 7 (iV),M) -» Hom B (7V, M co£ ) 
as follows. For a morphism / = (f a )aeG from Fj-(N) to M in M G '-, let 
<K/)( n ) = (fa(Pa(n®B l A ))) a eG- 

Then </>(/) (n) G M co£ , since 

Pa,/3(fap(p a /3(n ®B U))) = (/a ®A Cp)(p Qi p(fl a p(n ® B U))) 
= (/a®A^)(/i«(n®B 1a)®A^) 

We then define 

ip : Hom B {N,M xQ ) Hom G£ (F 7 (N),M) 

as follows: for g : iV — > M co - C ELeG ^ a an< ^ n £ N, we write <?(n) = 
(ffWaWG- Then we put 

ip(g)a(p a (n <8>b a)) = g{n) a a. 
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Let us show that ip(g) is a morphism in M G, ~- 

{(ip{g) a ®A Cp) o p a} p) (p a p{n ®b a)) 

= (4>(g)a ®A Cp)(fj, a (n 0b 1a) ®a xpa) = g(n) a <gu xpa 

= Pa,f3(9( n )af3a) = {Pa,f3 ° ^%)a/?) (/"a/3 (« 55 B «))■ 

We can easily show that ^ is inverse to 4>. First, (tp o </>)(/) = f, since (ip ° 
4>){f)a{p a {n®Ba)) = /a(/u a (n® jB l A ))a = f a {p a {n® B l A )a) = f a {fJ, a {n® B 
a)). 

Secondly, ((f) o i/j) (g) = g, since ((f) o ip)(g)(n) = (ip(g) a (p a (n <g> B l^))) a6G = 
(5(ra) a )aGG = □ 

Remark 5.5. If G is a finite group we can obtain (Ft, G7) as the composition 
of the two pairs of adjoint functors (Gi,Fi) and (Fq,Gq) (see Propositions 
II. II and l5.3p : (F7 = G\ o i^GV = G& o F\). Indeed, let us show that, for 
M e M°£, 

(G 6 oF 1 )(M) = (0M a ) C °- 

a&G 

equals M co -: m = (m a ) a£ G is in (©a^G M a ) c °~ if and only if pp(m) = 
m <8>a ^,3) for all [3 G G, if and only if, 

m a[0,a/?-i] ®A m a[li/3] = ^ m <* ®A Xp = ^ m a p-l ® A Xp, 
aeG a£G a<=G 

for all (5 € G; this is equivalent to 

Pal3-\f3( m a) = rn a p-l ®A Xp, 

o r Pa,p{ m al3) = m a ®A xp, for all a,f3 € G, i.e. m G M co -. 

Our next goal is to investigate when (F7, G7) is a pair of inverse equivalences. 
To this end, we will need the unit and counit of this adjunction. We first 
describe the unit 777: 

777,7V : N -> (p a (N ® B A)) c °- G , rj 7jN (n) = (p a (n <g) B l A )) aeG . 
The counit £7 is the following: 

£7,M,q : Pa(M^°~ <g) B A) -> Af a , £7,M,a(Ata((^/3)/3eG ®B «)) = m a O. 

We will proceed as in [5]. Let V e = A <g> B A be the Sweedler canonical 
coring associated to the ring morphism B — > A. Recall from (HJ HJ [14] that 
its comultiplication and counit are given by the formulas 

A(a ®b b) = (a ®b 1a) ®a (1a <8>b &) ! e(o ®b b) = a&- 

Let 2? = (A cg) B ^4)(G) be the cofree group coring built on the Sweedler 
canonical coring. 

Lemma 5.6. We have a morphism of G-A-corings can : 2? — ► C given by 

c&n a (p a (a ®b 6)) = ax a b. 
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Proof. 

((can a <g>A caiig) o A Qi/ g)( / u a/3 (a ® B &)) 

= (can Q can /3 )(/i Q ,(a (g> B 1^) ®a M^(1a ®B &)) 

= ax a ® a xpb = A Qi/3 (ax Q/3 6) = (A Q;/3 o can a/3 ) (jj, a p (a ® B 6)); 

e(can e (a <8>_b 6)) = e(ax e b) = ab = e(a ®b b). 

□ 

Proposition 5.7. Wii/t notation as in Proposition \5.4\ and Lemma \5.b\ we 

have the following properties. 

(1) If Fj is fully faithful, then i : B — > T is an isomorphism; 

(2) if GV is fully faithful, then can : V^Cisan isomorphism. 

Proof. 1) Let A = G X {A) = Qi a (A)) aeG , with 

Pa,p(fl>ap(a)) = HaO-A) ®A Xpa. 
Then (/x a («a))aeG € ^4 co - if and only if 

Pa,p{V>ap(a a p)) = Ma(lA) ®A 2;/?a a /3 = Ma(«a) ®A 

or 

(15) x^a^ = ^x^, 

for all a, f3 G G. We have an injective map 

f '■ T = A co ^ - A°°£ /(a) = 0*«(a)) aeG . 

Indeed, if a G A co -, then for all a G G, and then fll5|) holds. If 

F7 is fully faithful, then 777 is a natural isomorphism. In particular, 7ft b '■ 
B — > A - is an isomorphism. We have that 

From the fact that nj t B is surjective, it follows that / is surjective, so / is 
an isomorphism. Since Tft b = f h it follows that i is an isomorphism. 

2) C G A4 G '-, with coaction maps A aj( g. We have an isomorphism 
/ : A -> C c °£, /(a) = (a^ a ) QeG . 

/(a) G C co ^ since 

&a,p( ax ap) = ax a ®A Xp. 

The inverse 5 of / is defined as follows: 

9((c q )qgg) = e(ce). 

It is clear that (g o /)(a) = a. For c = (c Q ) ae c £ C co -, we have A a)( g(c a/ g) = 
c a ®a xp, and, in particular, A e< p(cp) = c e ®a £C^< It follows from (J3J) that 
eg = e(c e )xp. Then we compute that 

(/ 9)(c) = f{e{c e )) = (s(c e )x a ) aeG = c. 
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If Gj is fully faithful, then e-j is a natural isomorphism. In particular, 

£7,C,a ■ fJ-a(C co - <S>£ -4) -> C a , £7,C,o(Ma(c®B a)) = c a a, 
is an isomorphism. Now we compute that can Q equals the composition 

Indeed, 

(e7,C,a ° ®b ^)))(Ma(o ®b b)) 

= £7,C,a(fJ>a((a%i3)i3eG ®B &)) = a»a& = cana,(/x Q (a <g> B 6)). 

□ 

Recall (see e.g. OSS]) that an A-coring with fixed grouplike element 
(C e ,x e ) is called a Galois coring if the map 

can : A (& A coc e A — > C e , can(a (8>^coc e 6) = ax e 6 

is an isomorphism of corings. Proposition 15.71 suggests the following defini- 
tion. 

Definition 5.8. Let (C,x) be a G- ^-coring with a fixed grouplike family. 
We say that (C, x) is Galois if 

can : V = (A ® Aco c A){G) -> C 

is an isomorphism of group corings. 

If (C, x) is a G-A-coring with a fixed grouplike family, then it is clear that 
A coC c A coC^ We will 

now show that this inclusion is an equality if C is 
cofree. If C = C e (G) is a cofree G-A-coring, and x a grouplike family of C 
such that x a = j a (x e ), for all a G G, then we will say that (C,x) is a cofree 
group coring with a fixed grouplike family. 

Lemma 5.9. Let (C_,x) be a cofree group coring with a fixed grouplike family. 
Then A co ^ = A coC ? . 

Proof If a G A coC -, then ax g — x q(x * hence for all a 6 G, we have that 

ax a = a^ a (x e ) = j a (ax e ) = ~f a {x e a) = j a (x e )a = x a a, 
and it follows that a G A co ^. □ 

Proposition 5.10. For a G-A-coring with a fixed grouplike family (C,x), 
the following statements are equivalent: 

(1) (C, x) is a Galois group coring; 

(2) (C, x) is a cofree group coring with a fixed grouplike family, and 
(C e ,x e ) is a Galois coring. 

Proof. 1) => 2). C is cofree, since can : V — > C is an isomorphism, and 
22 is cofree. The isomorphisms 7 Q : C e — ► C Q are obtained as follows: 
7c = can a o /j< a o can" 1 . In particular, ^y a (x e ) = can a (/i a (l ®^coc 1)) = x a , 
and it follows from Lemma 15.91 that A co - = A coCe . From the fact that can is 
an isomorphism, it follows that can e : A <Si A coc e A — > C e , can e (a ® 6) = ax e 6 
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is an isomorphism. 

2) => 1). It follows from Lemma that A co ^ = A coCe . The maps can a : 
fj, a (A <g> A coc A) — > C a = 7 a (C e ) are given by 

can Q (/x Q (a (g) b)) = ax a b = a^ a (x e )b = r y a (ax e b) = (7^ o can e )(a (g> 6), 

so can a = 7 Q o can e is an isomorphism. □ 

Let (C e ,x e ) be an ^-coring with fixed grouplike element, and let i : B — > 
A 6 be a ring morphism. Recall from [3] or [5j Sec. 1] that we have a pair 
of adjoint functors (F 8 = - <g>B A,G 8 = (-) coCe ) between Mb and M Ce . 
Then the following statements are equivalent (cf. Prop. 3.1 and 3.8]): 

(1) B = A coCe , (C e ,x e ) is Galois, and A is faithfully flat as a left B- 
module; 

(2) (Fg,G%) is a pair of inverse equivalences, and A is flat as a left B- 
module. 

Lemma 5.11. Let (C,x) be a cofree G-A-coring with a fixed grouplike fam- 
ily. Let i : B —> A co - = A coCe be a ring morphism. Then F 7 = F 2 o Fg and 
G-j = G% o G 2 . Here (F 2 ,G 2 ) are defined as in Theorem \2.2\ and (i^GV) 
as in Proposition \5.4\ 

Proof. For N E Mb, we calculate easily that 

(F 2 o F B )(N) = F 2 (N ® B A) = (f a (N ® B A)) aeG , 
with coaction maps 

Pa,p{ v ap( n <S>B «)) = v a {n ® B U) <S>A Jp(x e a) = v a {n ® B 1a) ®A Xpd. 

We then see that (F 2 oFs)(N) = i 7 V(A r ). From the uniqueness of the adjoint 
functor, it then follows that G-j = G% o G 2 . □ 

Theorem 5.12. Let (C,x) be a G-A-coring with a fixed grouplike family, 
and i : B -» A co ^ a ring morphism. Then the following assertions are 
equivalent. 

(1) B = A co -, (C,x) is a Galois group coring, and A is faithfully flat as 
a left B -module; 

(2) (Fj,Gj) is a pair of inverse equivalences between the categories Mb 
and M G '- and A is flat as a left B-module. 

Proof. 1) => 2). It follows from Proposition 15.101 that C is cofree, and x a = 
la{x e ), and (C e ,x e ) is a Galois coring. We deduce from Lemma [5.91 that 
B = A co ^ = A coCe . It follows from Theorem O that F 2 is an equivalence, 
and from the observations preceding Lemma 15.111 that F$ is an equivalence. 
Consequently F-j = F 2 o Fg is an equivalence. 

2) 1). It follows from Proposition O that B ^ A co ^- and that (C,x) is 
a Galois group coring. From Proposition 15.101 it follows that C is cofree, 
x a = la{ x e)- Then it follows from Theorem 12.21 that F 2 is an equivalence. 
From Lemma l5.11t it follows that Fj = F 2 o Fg is an equivalence, hence Fg 
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is an equivalence. It follows from the observations preceding Lemma 15.111 
that A is faithfully flat as a left S-module. □ 

6. Graded Morita contexts 

Let R be a G-graded ring, and M,N £ M% A right i?-linear map / : M — » 
N is called homogeneous of degree a if f{M a ) C N aa , for all a E G. The 
additive group of all right i?-module maps M —* N of degree a is denoted 
by HOM R (M, N) a , and we let 

ROM R (M,N) = 0HOM fl (M,iV) (J . 

Let 5 and R be G-graded rings. A G-graded Morita context connecting S 
and R is a Morita context (S, R, P, Q, <p, ip) with the following additional 
structure: P and Q are graded bimodules, and the maps <p : P Q — > S 1 
and ^ : Q®sP ~~ * R are homogeneous of degree e. Graded Morita contexts 
have been studied in [21 [TT] . 

It is well-known (see [IJ Sec. II. 4]) that we can associate a Morita context 
to a module. This construction can be generalized to the graded case as 
follows. Let P be a G-graded right i?-module. Then S = END/j(P) is a 
G-graded ring, and Q = HOM fl (P, R) E R Mg, with structure 

(16) (r ■ q- s)(p) = rq(s(p)), 

for all r € ii, s E 5, q E Q and p E P. The connecting maps are the 
following 

cp : P® R Q^S, <p(p®Rq)(p') =pq(p'); 

fjj: Q® S P^R, *P{q ®sp) = g(p). 
Straightforward computations then show that (S, R, P, Q, <p, ip) is a graded 
Morita context. 

Example 6.1. Let M e = (S e ,R e ,P e ,Q e ,p e ,ip e ) be a Morita context, and 
consider the group rings S = S e [G] and R = R e [G]. Then P = P e [G] = 
e ueG P e u a E S M^ and Q = Q e [G] = ©a&cQeUa E R M% with 

(su a )(pu T )(ru p ) = spru arp and (ru a )(qu T )(su p ) = rqsu arp , 

for all a,T, p £ G, r £ R e , s E 5 e , p E P e , g E Q e - We have well-defined 
maps 

ip : P®rQ -> 5, ^(pu^ ® B <yu r ) = <^ e (p (g>i? e g)^; 

■0 : Q® S P —> R, lp(qU a <S>S PU T ) = V'eO? ®S e P)?W- 

Then M e [G] = (S, R, P, Q, p, ip) is a graded Morita context. 
Let P E A4^ be a graded -R-module, where R = R e [G] is a group ring. 
By the Structure Theorem for graded modules over strongly graded rings, 
P = P e [G]. Let M e be the Morita context associated to the right i? e -module 
P e . It is then straightforward to verify that M e [G] is the graded Morita 
context associated to P. 
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7. MORITA CONTEXTS ASSOCIATED TO A GROUP CORING 

Let (C,x) be a G-^4-coring with a fixed grouplike family. We have seen in 
Proposition 15.11 that A G M-. The map 

X- R —> A, x(f) = ^f a {x a -i) 

is a right grouplike character (see |10t Sec. 2]; the terminology was intro- 
duced in [7]). This means that x satisfies the following properties: 

(1) x is right ^4-linear; 

(2) x(x(f) ■ g) = x(f#g); 

(3) x (e) = U- 

Verification of these properties is left to the reader; using the right grouplike 
character x or Proposition 14.41 we find that A G Mr, with structure a-*— / = 
f(xp-ia), for / G Rp. We have already considered the subring T = A- of 
A. T is a subring of 

f = i fi = {a E A f a -i(ax a ) = f a -i(x a a), Ma G G,Mf a -i G # a -i}. 

If C is left homogeneously finite, then T = T': if a G T', then we find, using 
the same notation as in Lemma 14.31 that 

ax a = f( a \ax a ) C ( a) = f (a) (x a a)c {a) = x a a, 

so a G T. From |1Q[ Prop. 2.2], it follows that we have a Morita context 
M' = (T", R, A, 0',t', //). Recall that 

O' = R R = {q G R | ?#/ = 9 • *(/), V/ G i?}. 

This means that q = X^ogG 9" e ^' ^ an d onr y if Qa#f = Qaf3 ' f{xp-i), for 
all a, /5 G G and / G -R«, or, equivalently, for all c G C^m-i, 

/(c^-i)^^^- 1 ))) = (?o#/)(c) 

= ' /(^/3-i))( c ) = Qap(c)f(xp-i) = f {q a p{c)x . 

We conclude that 

O' = {<? G i? | /(c(i i/3 -i)^(c( 2 , a -i))) = f(q a p{c)x p -i), 

Ma, 13 G G, / G c G C^-i}. 
The connecting maps are the following: 

t' : A0 R O' -> T', r'(a ® fi 9 ) = ^ fe (x a -ia); 

: O' <8>t' ^4 — > i?, /j,'(q ®t' a) = q ■ a. 

Now consider 

O = {<? G i? | c (lj/ 3-i)g a (c (2ja -i)) = q a p{c)x p -x, Ma, (3 E G, c G C (q/3) -i}. 
It is clear that O C O', and that O = O' if C is left homogeneously finite. 
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Proposition 7.1. We have a Morita context M = (T, R, A,0,t, with r 
and fi defined by 

t : A® R ->T, T(atg> R q) = Qa(x a -ia); 

aeG 

/i : O <S>t A — > R, fi(q <S>t a) = q • a. 
If C is left homogeneously finite, then the Morita contexts M and M' are 
isomorphic. 

Proof. We will show that O is a left ideal of R. All the other verifications 
are straightforward. Take a,/3, 7 € G, q G O and / € i? 7 . G O since 

we have, for all c G C( 7a m-i: 

c (l,/3- 1 )(/#9a)( c (2,( 7 a)- 1 )) = c (l, / 3- 1 )9a(C(2, a -i)/(C(3, 7 -i))) 

□ 

8. Graded Morita contexts associated to a group coring 

Let (C, x) be a G- ^-coring with a fixed grouplike family. Then A G .M— (see 
Proposition l5.1|) . From Proposition[T7TJ it follows that G\ (A) = (fj, a (A)) a€G £ 
M G, ~, with coaction maps 

Pa,/3 ■ Vaf3(A) -> /i Q (vl) ®A C/3, p a ,p(fl a p(a)) = Ma(l^) ®A X^a. 
From Proposition 14.11 we then obtain that 

A{G} = F 3 Gi(A) = Ma(^) G 

The right i?-action is defined by the following formula, for / G Rp: 

(17) p a (a) ■ f = (J. a p(f(xp-ia)). 

We will compute the graded Morita context associated to the graded right 
-R-module j4{G}. Consider the rings 

S' = {b = (b a ) a£G G Yl A I f(bapxp-i) = f(xp-ib a ), Va,/3 G G, f G R p }, 

aeG 

S = {b = (b a ) aeG G A I b a pxp-\ = xp-iba, Va, /3 G G}. 

Clearly S C 5", and S = S" if C is left homogeneously finite. Observe that 
we have ring monomorphisms 

i: T^S, i(b) = (b) aeG , »' : 2* -> S", *'(&) = (&)«eG- 
On S 1 and S", we have the following right G-action: 

(18) b" = (b aa ) aeG . 

Indeed, if b G S, then If G 5, since b aa pXa-\ = Xp-ib ucn for all a, /3 G G. In 
the same way, S' a C S". 
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Lemma 8.1. With notation as above, we have that S G = T and S' G = T' . 

Proof. Using the monomorphism i, we find immediately that T C S G . If 
b G S G , then for all a G G, we have that (&oa)aeG = (&a)aeGi hence 6 CT = b e , 
and 6 = i(6 e ). □ 

Now we consider the twisted group rings G * S = ® ae G Ua ^ an< ^ G * S' = 
©QgG* u aS', with multiplication 

u a bupc = U a pb^C. 

Proposition 8.2. We have a graded ring isomorphism E : END/j(A{G}) — > 
G*5'. 

Proof. For every <r G G, we have an additive bijection H CT : END^(^4{G}) CT — > 
«o- 5', H CT (/i) = with 

(19) 6 Q = (u^ o /j o 
/i is completely determined by 6, since 

(20) h(na{a)) = h(fi a (l A ))a = n aa (b a )a = fi aa (b Q a), 

for all a € A. Since h is right i?-linear, we have, for all /3 G G and / G Rp 
that 

equals 

h([l a (l A )) ■ f = H a a(b a ) ■ f = fJL<rap(f(xp-lba)), 

so it follows that f(b a pXp-i) = f(xp-ib a ), for all a, {3 G G and / G Rp-i- 
This means that b G «S". 

The inverse of Ho- is defined as follows: given b G S", H CT T 1 (no6) = /i is defined 
by (|20p . The proof is finished if we can show that 

H = H CT : END R (A{G}) G * S' 

preserves the multiplication and the unit. Take h G END/j(A{G})o, k G 
ENDr(A{G}) t , and let H CT (/t) = u a b and H r (fe) = u T c. Then k o h G 
ENDr(-A{G}) to -, and E Ta (k oh) = u Ta d, with 

d a = (fi^ o ^ o /i o j ii Q )(l A ) = o ^ o /j ra o o /i o /i a )(l A ) 

= (l^raa oko = (/vJa ° ^ ° /W)(U)&a = Coa&a- 

This proves that d = cfb, and z> T(7 {k o h) = u Ta c a b = (u T c)(u a b). Finally, 
E e (A{G}) = u e b, with6 Q = ( M - 1 o J 4{G}o / u a )(U) = l A . □ 
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Our next aim is to describe H0M^(^4{G}, R). Consider 

Q = U = (Qa)aeG e Yl R a I C(i )/3 -l)Cfa(C(2 !Q -l)) = q a p(c)xp-l, 
a<=G 

Va, (3 E G, cG C (a/3) -i}; 

Q' = = (<7a)a G G £ JJ i? a | /(C(i^-l)9a(C( 2 , a -l))) = f (q a p(c)x p-l), 

Va, /3 £ G, c G C (a/3) -i, / G ify}. 
It is clear that Q <Z Q' and that Q = Q' if C is left homogeneously finite. 
Lemma 8.3. If f e Ry and q G Q (Vesp. Q'j, i/ten f ■ q = (/#<Z 7 -i a ) a eG £ 

Proof. We will prove the first statement; the proof of the second one is 
similar. For all c € C( a m-i, we have 

c (1,/3-1)(/#Q , 7- 1 q)(c(2,q- 1 )) = C(l i/ 3-i)g , 7 -i Q (C(2 ) a-i 7 )/(c(3 i7 -i))) 

= 9 7 -i Q) 3(C(l l/ 3-i a -i 7 )/(c(2, 7 -i)))^- 1 = (/#9 7 -i a/ 3)(c)x /3 -i. 

□ 

Lemma 8.4. If q <E Q (resp. Q' ) and b G S* (resp. S",) ; i/ien q ■ b = 
(q a ■ b a ) aeG G Q (Vesp. Q'j- 

Proof. The first statement is easily verified by the following computations: 

c (l,/3-l)(<7a • fo a)(C(2,a-l)) = C(l i/3 -l)fe(C(2 ia -l))6 Q = q a fi{c)x p-lb a 

= q a p(c)b a pxp-i = (q af3 ■ b af3 )(c)xp-i. 

□ 

Lemma 8.5. 

QG = w a (Q) G rM^ s and Q'G = co a (Q') G flMg* 5 , 

a£G aeG 
with bimodule structures defined as follows, for all f G Rp, q G Q (resp. Q' ) 
and b G S (resp. S'): 

(21) f-u a (q) =upa(f-q); 

(22) u; a (q)-u T b = u; aT (q-b^ 1 ). 
Proposition 8.6. We have an isomorphism of graded bimodules 

* : ROM R (A{G},R) -► Q'G. 
Proof. We have an additive bijection 

: HOM fl (A{G},i2) ff -> ^(Q'). = M?), 

with q a = (p(n a -i a (lA))- q determines ip completely since 

(23) (p(/j, a (a)) = ip(fi a (l A )) -a = q aa -a. 
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Take (3 G G and / E Since 09 is right ii- linear, we have that 

J23l 

V(A»(r-ia(lA) • /) = <P(P<r-ial3f(Bp-i)) = <?a/3 ' f(xp-i) 

equals 

PiVa-^aiW^f = <?<*#/• 

We then have, for all c G C( a /3)-i that 

f(q a p(c)x p -i) = qap(c)f(xp-i) = {q a #f){c) = /(c(i i/3 -i)<7 a (c (2 , Q -i))), 

and it follows that q G Q'. For q G Q', ^^ 1 (u; a (q)) = cp is defined by ([23]) . 
We now have an additive bijection 

* = * a : HOM fl (A{G}, ii) -> Q'G. 

* is left i?-linear: take / G ify, 99 G HOM jR (^{G}, and put ^ a ((p) = 
u> a {q)- Then 

*0<t(/ • V) = ^/3<r( (/ • ¥>)(/V-i/?-i q (1a)) „ 

= UpJfftqp-ia) = f 'W a (q) = f -^aif)- 

Finally, * transports the right END^(^{G})-action on ROM R (A{G}, R) 
to the right G * S"-action on Q'G: take h G END jR (A{G}) r , and write 
3 r (/t) = u r 6. Then 

(<p o /l)(^ T -i CT -i Q (l A )) = y(/i .-i a (6 T -i (X -i Q ,)) = 9a • 6 T -i CT -i Q , 

hence 

^(920/1) =a; (7T (g-6 (,7T)_1 ) = u; CT (g) • n T 6 = -H r (/t). 

□ 

Theorem 8.7. Consider the graded Morita context (END R (A{G}) , R, A{G}, 
}IOM R (A{G}, R), (p, ip) associated to the graded R-module A{G}. Using the 
isomorphisms H and from Propositions 1 8. "A and \8.b\ we find an isomorphic 
graded Morita context GM' = (G* S' ,R, A{G}, Q'G, u/, v 1 ), with connecting 
maps uj 1 and v' given by the formulas 

to' : A{G} ® R Q'G ^ G* S', 

J(n a (a) ® R u a (q)) = Uaa^qapix^-ia) 

v : Q'G ®g*S' A{G} — > R, 

v'(u a q <g> fi a (a)) = q aa ■ a. 

Proof. We have to show that the following two diagrams commute 
A{G} ® R BOM R (A{G}, R) *~ ENB R {A{G}) 

( 24 ) A{G}® H V 3 

A{G} ® R Q'G g * S' 
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ROM R (A{G}, R) ®END fl( A{G}) MG} - R 

(25) *®A{G} 

Q'G ® G *s' A{G} R 

For all a,f3,a £ G, a,b £ A, ip £ ROM R (A{G}, R) a , we have 

JTyIi 

(j){Ha{a) ®R (p)(^{b)) = Ha(a) ■ <p((J.p(b)) = n aa p{ip{np{b)){x^ p) -ia)), 

so (E o 4>)(fi a (a) (g>ij (f) = u a(7 b, with 

h H = f i alp( ( t ) (^( a ) ®R ¥0(M/?(1a)) = y(A* ( g(l J 4))(x ((7/3 )-ia). 

Now^ a (a)(g)K^(^) = Ma(a)(»ija; CT (£), with^ = ^(/^-^(l^)), sow' {fJ, a (a)® R 
fy((f)) = u aa c, with 

This proves the commutativity of (f!Hj) . ([25]) also commutes: let g Q = 
Then 

(i/' o (8) A{G}))(vs ® Ata(o)) = v'{u a {g) ® a««(o)) =qaa-a 
= ip(fj, a (l A )) ■ a = <p(n a (a)) = if)(tp <g> M« (a)). 

□ 

Theorem 8.8. Lei (C, x) 6e a G-A-coring with a fixed grouplike family. We 
have a second graded Morita context GM = (G* S, R, A{G}, QG, uj, v), with 
connecting maps uj and v given by the formulas 

uj : A{G} ® R QG^G*S, 

uj(fi a (a) ® R uj a (q)) = u aa (q a p(x^-ia) 

v: QG ® G *s A{G} -» R, 

v(uj a q <g> fi a (a)) = q aa • a. 

IfCis left homogeneously finite, then the Morita contexts GM' and GM are 
isomorphic. 

Let (C e ,x e ) be an A-coring with a fixed grouplike element. Recall also from 
[lOj that we have two Morita contexts 

M e = (T e , R e , A, Q e , ip e ^ e ) and M' e = (T e ', R e ,A, Q' e , 
where (see [TU] ) 

Q e = {q £ R e = *C e | C(^g(c( 2 )) = g(c)x e , Vc G C e }; 
Q' e = {q £ R e = *C e I /(c(i)g(c( 2 ))) = f(q(c)x e ), Vc G C e and / G i? e }; 
T e = vl coCe = {a e A \ ax e = x e a}; 
T'e = A Re = {a £ A \ f{ax e ) = f(x e a), V/ G i? e }; 
: -4 <g> Re Q e -> T e , y> e (a ®_R e g) = g(x e a); 
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lf>e ■ Qe ®T e A -> Re, ^e(tf ®T e a) = q ■ a. 

(p' e and ip' e are denned in a similar way. There is a morphism from M e to 
Mg, which is an isomorphism if C e is finitely generated and projective as a 
left ^-module. 

Proposition 8.9. Let (C,x) be a cofree group coring with a fixed grouplike 
family. Then we have an isomorphism of G-graded R-modules 

0: A{G}^A[G], d(ji a (a)) = au a . 

Consequently the graded Morita context GM' is isomorphic to M e [G]. 

Proof. We have to show that i? is right i?-linear. Take / € R e = *C e , 
ap(f) = fup £ R/3 = R e Uj3 (see Proposition 14. 6p . Then 

Ma(o) • <rp(f) = Hap{o-i3{f)(xp-ia)) = ^ a p{(f ° lp-i){xp-ia)) 

= Ma^(/((7^-i ° 7/9-0(^)0)) = HapifiXeO)), 

hence 

0(/i a (a)-o- |8 (/)) = f{x e a)u afj = (a^f)u a/3 = (au a )-(fup) = 0(/i Q ,(a))-cr |8 (/). 
The second statement then follows from Example 16.11 □ 

Our next aim is to show that the graded Morita contexts GM and M e [G] 
are also isomorphic. 

Proposition 8.10. Let (C,x) be a cofree group coring with a fixed group- 
like family. Then i : T — » 5 and £' : T" — > 5" are isomorphisms, and 
ENDr(A{G}) = G * S' (resp. G * S) is isomorphic as a graded ring to the 
group ring T'[G] (resp. T[G]). 

Proof. It suffices to show that i and %' are surjective. First take b e S. Then 
we have for a, (3 € G that 

7/3-i (fr a/3 2 e ) = b a p-yp-i(x e ) = jp-i(x e )b a = 7 y3 -i(a? e 6 a ). 

Applying e o 77^ to both sides, we find that 6 Q/ 3 = b a , hence b a = b e , for 
all a £ G, and 6 = i(6 e ). In a similar way, we find for b € S", a, (5 € G and 
f e Rp = *Cp-i that f{lp-i{b a px e )) = f p-\{x e b a )) . Taking / = eo 7"^, 
we find that b = i'{b e ). □ 

We have that T C T e and T" C Tg. As follows from Lemma [5.91 these inclu- 
sions are equalities if (C,x) is a cofree group coring with a fixed grouplike 
family. 

Proposition 8.11. Let (C,x) be a cofree group coring with a fixed grouplike 
family. Then Q = Q e and Q' = Q' e . Consequently Honifj(A{G}, R) = 

Q'eiG}. 
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Proof. We recall from Proposition H]6] that R = © QeG cr a (R e ), with cr a (f) = 
f o 7~i l5 for all / G i? e . Now take q = (a a (q a )) aeG G FLeG -^a- Then for 
all a, /3 G G and c G C e 

7 / 8-i(c(l))(fe°7~-l °7a-0(c(2)) = (fo/? !^)-! °7(a/3)-i)( c )7/3-l(^e), 
7/3-1 (c (1 ))g Q (C( 2 )) = qapicfrp-iixe), 



or 



or 

Taking a = /3 = e, we find that q e £ Q e . Applying e to both sides, we find 
that </ Q (c) = q a p(c), and q a = q e , for all a G G. These arguments show that 
the map 

j : Q e -> Q, j(g) = (cr a (<?)) a eG 
is a well-defined isomorphism. In a similar way, we prove that Q' = Q' e . □ 

Theorem 8.12. Let (C_,x) be a cofree group coring with a fixed grouplike 
family. Then the graded Morita contexts GM and M e [G] are isomorphic. 

Proof. Let : T[G] — > G * S be the isomorphism from Proposition 18.101 
We will first show that the diagram 



G*S 
e 



■T e [G]=T[G] 



A{G} ® R QG — 

A[G] ® Re[G] Q e [G] f— 

commutes. For a, a £ G, a £ A and q G Q, we have 

(6 o ^ o (0 <g) j- 1 G))(/i Q (a) <g> w ff (£)) 

= (0 o <p)(au a <g> g e «<r) = 0(g e (x e a)n Q , (T ) 

= u QCT (g e (a; e o))^ eG , = !i„((g e 7 ( ^ ) _ 1 o7(^-i)M)^g 

= u au {q a p{x {<Tf3) -ia)) p £G = u){n a {a) ®u a (q)). 

Let (j) : R e [G] — > R, <p(fu a ) = f o 7 _ a be the isomorphism from Proposi- 
tion |T6j We will show that the diagram 



QG ® G *s A{G} 



R 



Qe[G] ®T e [G\ A[G] 



G] 



commutes. Take a, a G G, q G Q and a £ A. We have seen in Proposi- 
tion 18.111 that q a = q e o , or 

(26) <?e = <?a °7a-l- 
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We have to show that 

O o ip o (j~ x G <g) $))(uj a (q) (g) Ma(a)) = (0 ° V0(?eW<r <£> au a ) 
= 4>{(q e ■ a)u aa ) =q e -ao 7 ( ~^, ) _ 1 

and 

iy(u a (q) <g) /i a (a)) = g CTa ■ a 
are equal in i? CTa = *C( CTa )-i. For 7( CTQ )-i (c) £ C^ ^-i , we compute that 

{qua ■ a)(7 ((7a )-l(c)) = (gcra 7(<7a)-l)( c ) a = <?e(c)a 

= (<7e • a)(c) = (g e • a o 7 (ff 1 Q) -i)(7( CTa )-i (c)), 
as needed. This finishes our proof. □ 

9. Galois group copjngs and graded Morita contexts 

Let us call a G-^4-coring C = (C a ) a ^G a left homogeneous progenerator if 
every C a is a left A-progenerator. We will now apply the Morita theory 
developed in the previous Section to find some equivalent properties for a 
left homogeneous progenerator group coring to be Galois. Recall from [5] 
the following Theorem. 

Theorem 9.1. Let (C e ,x e ) be an A-coring with a fixed grouplike element, 
and assume that C e is a left A-progenerator. We take a subring B of T e = 
A coCe ={a£i | ax e = x e a}, and consider the map 

c&n' e : T>' = A (&b A —> C e , can'(a <S>b b) = axb. 

Then the following statements are equivalent: 



(1) 


• 


cang is an isomorphism of corings; 




• 


A is faithfully flat as a left B-module. 


(2) 


• 


*can e is an isomorphism of rings; 




• 


A is a left B -progenerator . 


(3) 


• 


B = T e ; 




• 


the Morita context M e = (T e , R e , A, Q e , <p e ,ip e ) is strict. 


(4) 


• 


B = T e ; 




• 


(F$,G$) is an equivalence of categories. 



Here M e is the Morita context introduced in the light of Proposition 18.91 
and (Fg,Gs) the adjoint pair of functors considered before Lemma 15.111 In 
the next Theorem we use the graded Morita context GM of Theorem 18.81 
and the adjoint pair of functors (-F7, Gj) of Proposition 15.41 

Theorem 9.2. Let (C,x) be a left homogeneous progenerator G- A-coring 
with a fixed grouplike family. We take a subring B of T = A co - C T e , and 
consider the map 

can' : V[ = (A®b A)(G) — > C, can' a ([i a (a <8>s 6)) = ax a b. 
Then the following statements are equivalent: 

(1) • can' is an isomorphism of group corings; 
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• A is faithfully flat as a left B-module. 

(2) • * can / is an isomorphism of graded rings; 

• A is a left B-progenerator. 

(3) • B = T = S; 

• the graded Morita context GM = (G * S, R, A{G},QG,u>,v) is 
strict. 

(4) . B = T; 

• {Fj,Gj) is an equivalence of categories. 

Proof. 1) 2). Obviously * can / is an isomorphism if can / is an isomor- 
phism. In particular, can e is an isomorphism of corings, hence it follows 
from Theorem 19.11 that A is a left l?-progenerator. 

2) => 1). Suppose that * can 7 : *C_ = R — » *'D[ = R' is an isomorphism. We 
then have that the right dual (* can ; )* : R'* — > R* , (* can 7 )* (ip) = <p o * can ; 
is also an isomorphism. Since C and iy_ are left homogeneously finite, this 
map can be interpreted as the isomorphism 

f = r l o (W)* o t' : J] z£ - JJ c a> 

aGG aGG 

where we denoted respectively t and t' for the isomorphisms IlaGG ^« ~ 
and n^GG 'D'a — R'* ( see the beginning of SectionH]). For all d = {d a ) aeG G 
iIqgG we nave that 

f(d) = (r 1 o ("W)* o i')(d) = r l {i'{d) o * can' ) 

= {{i'{d) o W)(/^)cW) aeG = (^(/W o can'J C W) a6G 
= (/ (a) (can' Q (d a )) C W) aeG = (can^(d Q )) aeG , 

i.e., / = naGG can o- Now, since / = rioGG can a ^ s an isomorphism, it 
follows that all can^ are isomorphisms. Indeed, (can' Q ) _1 = p' a o / _1 o i a : 
C a — > T>' a , where i a and p' a are the canonical injections and projections, 
respectively. So the inverse of can 7 is given by ( can' ) -1 = ((can' a ) ) a eG- 
Finally, since in particular *can e is an isomorphism, Theorem 19.11 implies 
that A is faithfully flat as a left S-module. 

1) =>• 3). As in the proof of Proposition 15. 10] C is a cofree group coring with 
a fixed grouplike family, since can 7 : —> C is an isomorphism, and is 
cofree. By Lemma 15.91 we then have that T = T e . Hence it follows from 
Theorem 19.11 and the fact that can e is an isomorphism that B = T and that 
the Morita context M e is strict. It is easily verified that the graded Morita 
context M e [Cr] then also is strict, and likewise GM, see Theorem 18. 121 From 
Proposition 18.101 we get T = S. 

4) => 1). By Proposition 15.71 can is an isomorphism, i.e. (C,x) is Galois. 
Hence (see Proposition I5.10P (C, x) is a cofree group coring with a fixed 
grouplike familie, and thus Lemma 15.91 implies that B = T = T e . Since 
(F7 = F2 o Fg, Gj = G80G2) and (F2, G2) are equivalences (see Lemma f5. Ill 
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and Theorem 12. 2D . it follows that also (Fg,Gs) is an equivalence of cate- 
gories. Finally it follows from Theorem 19.11 that A is faithfully flat as a left 
-B-module. 

3) => 4). Suppose that GM = (G * S, R, A{G}, QG, u, v) is a strict graded 
Morita context. We then have a pair of inverse equivalences (F = — <8>g*s 
A{G}, G = — (g>ij QG) between the categories Mq^ s and M.% By Proposi- 
tion [HTO] we have that G * S and T[G] are isomorphic as graded rings. As a 
consequence the categories Mq^s an d -^t[g] are isomorphic, and the latter 
is in turn isomorphic with Mt by the Structure Theorem for graded modules 
over strongly graded rings. Making use of the pair of functors (F3, G3) which 
constitutes an isomorphism between A4 G '- and (see Proposition 14. ip . 

we have the following pair (F7, G-j) of inverse equivalences between Mt and 
M G,C. 

Fj : M T = M% - M^ s ^M G R ^ M G £ : G 7 . 

G F 3 



For M E Mt we have that 



G,c 



where we denote (M[G] ®g*s A{G}) a for the crth homogeneous component 
of M[G] ® G *s A{G} € M%. The coaction maps of Ff{M) are given by 

p a ^ : (M[G] ® G ,5 A{G}) ap -» (M[G] ® G * 5 A{G}) q ® a C p , 

n /(zG 

= ^2 m 7 u 7 ®G*S / u 7 -i a (/ (/3) (x /3 o 7 )) <8u c (/3) . 
76G 

We now claim that Ff = F-j. For M € Aly an d a € G, we consider the map 

W, a : WG]® G »sA{G}) a ^/ia(M%A), 

( m i u i ®G*S At 7 -iQ,(a 7 )J = /x a ( ^ m 7 ® T a 7 ) . 

7GG 7 eG 

VAf.a is well-defined, since 

(fM,a ( ^2 m l u l ' u <& ®G*S M 7 -i a (a- 
7eG 

= W,a ( X] m 7 6 e« 7 ®G*S AVi^a-y)) =/i a ^ m 7 & e <g> T 
7GG 76G 
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V>M, a ( ^2 m^u-y u e b ■ /x 7 -i a (a 7 )) 

= ¥ ? M,a(^"i 7 u 7 (g) G * s ^ 7 -i a (6 7 -i Q a 7 )^ 
7 eG 

= PM,a ( ^ m 7 u 7 ®G*S AVi a (& e a 7 )) = ^.q ( ^ m 7 ® T & e a 7 ) , 

7 eG 7 eG 

for all b = i(b e ) <G S. Clearly ifM,a is right ^4-linear. Let us check that 
<PM = (<PM,a)aeG ■ F 7 (M) -> F 7 {M) is a morphism in X G£ : 

(Om,c* ®a C/?) o p a ^) ( ^ m 7 u 7 <g) G *s // 7 -i a/ j(a 7 )) 

7 GG 

= X] ^M,a{myUy ® G *5 / u 7 -i Q (/ (/3) (x /3 a 7 ))) (g) a c (/3) 

7 GG 
7 GG 

= ^ / u a (m 7 ® T U)/ (/3) (a:/3a 7 )^AC (/3) 
7 eG 

= ^ /x a (m 7 T 1 A ) ® A {xpajcl® 
7 eG 



= ^ ( m 7 8171 1a ) ® A x P a i = Pa >P ( m 7 ® T a t) ) 
7 eG 7 gG 



7 eG 

Let us finally show that ipM is an isomorphism in A4 G '-. It suffices to check 
that the inverse of (fM,a is given by 

ran ra 
(f^a WM,<x) ( ^ W 7 U 7 G *5 |U 7 -i a (a 7 )^ 

7 eG 

= ^a(/ X a( m 7 ® T "t)) = m 7 U e ®G*S Ma(a 7 ) 

7 eG 7 eG 

= ^ m J U e ®G*S At 77 -i a (a 7 ) = ^2 m 7 u e ®G*S « 7 I " fJ, y -i a {<h) 

7 eG 7 eG 
= ^2 m i u e ■ Ujl ®g*s M 7 -i a (a 7 ) = ^2 m i u ~i ®G*S /x 7 -i a (a 7 ); 
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n n 

(<PM,a ° 9 7 A/; Q! )(/ u a(5Z mi ® T °»)) = ^^^{^^miUe ®G*S Ma(«i)) 
i=l 

n n 



i=l i=l 

So we have shown that F7 and i*V are naturally isomorphic. From the 
uniqueness of the adjoint functor, it follows that also G-j = Gj. The fact 
that (Ft, G-j) is a pair of inverse equivalences implies that also (F7, G7) is a 
pair of inverse equivalences, as needed. □ 

10. Application to #-comodule algebras 

Let k be a commutative ring. Recall [15] that a Hopf G-coalgebra is a G- 
coalgebra H = (H a ) a€ G with the following additional structure: every H a 
is a /c-algebra, such that A Q n and e are algebra maps, and we have a family 
of maps S a : H a -i — > if Q such that 

5'«(^(l,a- 1 ))^(2,a) = /i (l,a)5'a( /i (2,Q ! - 1 )) = £ (^H a , 

for every /i E i? e - A right G-^-comodule algebra is a /c-algebra A with a 
right _ff-coaction p = (p a ) a ^G such that 

/0 a (o6) = a [0 ]6[ ] <g> a[i )a ]&[ liW ] and = 1a <8> lff a , 

for all a, 6 E j4 and a E G. This notion was introduced by the third author 
in [T7]. The proof of the following result is straightforward. 

Proposition 10.1. Let H_ be a Hopf G-coalgebra, and A right G-H-comodule 
algebra. Then C = A® H_ = (A® H a ) a& G is a G-A-coring. The A-bimodule 
structures are given by the formulas 

a'(b <8> h)a = a'ba\n\ ® ha^i ^, 

for all a, a' ,b E A, a E G, h E H a . The comultiplication and counit maps 
are the following: 

A tti/3 : A®H a p -» (A®H a )® A (A®Hp), A a>f3 (a®h) = (a®h {1:a) )® A (l A ®h {2 ,/3)] 

e = A®e : A® H e ^ A. 
x = (1a ® lH a )aeG is a grouplike family of A® li- 
lt is easy to see that, for a E A, a E A co - if and only if a ® 1/^ equals 
(I4 (8) lj? a )a = dp] ® «[i,a] = Pa(o)i for all a E G. With notation as in [20] . 
this means that 

A coC = A o = | a G A j = a g, ^ for &11 a e G j. 

Let £> — > yl co £ be a ring morphism. We can then compute the morphism 
can : (A®b A)(G) — > A (8) H_ as follows: (A ® s A) — > A ® H a is 

given by the formula 

can a (fi a (a ® b)) = a(l A ® lff a )& = a6r i <g> b[ l a i. 
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This proves the following result. 

Proposition 10.2. Let A be a right comodule algebra over a Hopf G- 
coalgebra H_. Then (A ® H_, (1a <8> lH a )aeG) is a Galois G-A-coring if and 
only if A is a G-H_-Galois extension of A co - = A , in the sense of [20\ Def. 
7.1]. 

Let H be a Hopf algebra, and H = (H a ) a& G a set of isomorphic copies of 
H, indexed by the group G. Let H e = H, and X a : H — > H a the connecting 
isomorphism. Then H_ is a Hopf G-coalgebra, with structure maps 

A a ^(X a p(h)) = A a (/i(i)) ® A /3 (^( 2 )); 

s a (Vi(fc)) = A«W. 

The counit is the counit of H, and every i? a is a /c-algebra. We call iJ = 
H(G) the cofree Hopf G-coalgebra associated to H. Using Propositions 15.101 
and 110.2"! we obtain the following result: 

Proposition 10.3. Let A be a right comodule algebra over a Hopf G- 
coalgebra H_. A is a G-H_- Galois extension of A if and only if H is a 
cofree Hopf G-coalgebra and A is an H -Galois extension of A coHe = A . 

A right relative (H_ , A)-Hopf module (in [20] termed a right G-(H, A)-Hopf 
module) is a right A-module M, with the additional structure of right H- 
comodule, such that the compatibility condition 

p a {ma) = m [0] a [0] <g> m [lta] a [ha] 

holds for all m E M, a G A, a E G. Mr^ will denote the category of right 
relative [H_, ^4)-Hopf modules. 

In a similar way, a right relative group (H_ , yl)-Hopf module is a family of 
right A-modules (M Q ,) Q , eC 7, with the additional structure (p a ,p) a ,peG of right 
G-ff-comodule, with the compatibility relation 

p a p{ma) = m[ 0)Q! ]a[o] ® m^a^, 

for all a, (3 £ G, m £ M a p and a £ A. The category of right relative group 

G H 

(H_, A)-Hopf modules is denoted by A4 A '—. The proof of the following result 
is straightforward, and is left to the reader. 

Proposition 10.4. Let A be a right comodule algebra over a Hopf G- 

coalgebra H_. Then we have isomorphisms of categories ■M-'T — M A ®— and 
M G,H^ M G,A®H^ 

Let B — ► A be a ring morphism. It follows from Propositions 15.41 and 110.41 

G H 

that we have a pair of adjoint functors (Ft, Gj) between Mb and A4 A '~. As 
an application of Theorem 15.121 we obtain the following Structure Theorem 
for relative group (H , A)-Hopf modules. 

Proposition 10.5. Let A be a right comodule algebra over a Hopf G- 
coalgebra H_, and B — > ^4° a ring morphism. Then the following assertions 
are equivalent. 
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(1) B = A , A is a G-H_-Galois extension of A , and A is faithfully flat 
as a left B -module; 

(2) (Fj,Gy) is a pair of inverse equivalences and A is flat as a left B- 
module. 

Let us finally compute the left dual graded A-ivag R of A ® H_ . We have an 
isomorphism of fc-modules 

R= A Hom(i®ff a -i,A) ^0Hom(ff a -i,A). 

aeG a£G 

The multiplication (and the A-bimodule structure) on R can be transported 
to aeG Hom(i? a -i,A). We obtain the following multiplication rule, for 
/ € Uom(H a -i,A) ^R a ,g£ ~H.om(Hp-i,A) = Rp, h e H {ap) -x: 

(27) (f#g){h) = /(/l(2,a-i))[0]5(^(l,/3-i)/(^(2,a-l))[l,/3-i])- 

Before we investigate more carefully the situation where H is homogeneously 
finite (that is, every H a is a finitely generated and projective fc-module, we 
make some general observations. 

Let K be a (classical) Hopf algebra, and A a left i^-module algebra. Then 
we can form the smash product K op #A, with multiplication rule 

(28) (h#a)(k#b) = k (1) h#(k {2) ■ a)b. 
It is well-known that K op #A is an ^4-ring. 

We call K a graded Hopf algebra if K is a Hopf algebra and a G-graded 
algebra such that A(K a ) C K a eg) K a and S(K a ) C K a -i. This implies in 
particular that every K a is a subcoalgebra of K. If K is a graded Hopf 
algebra, and A is a left K-module algebra, then K op #A is a graded A-ring. 
In [21], a G-graded Hopf algebra is called a Hopf G-algebra in packed form. 
The defining axioms of a Hopf G-algebra are formally dual to the defining 
axioms of a Hopf G-coalgebra. A Hopf G-algebra is a family of /c-coalgebras 
K = (K a ) a£ G together with fc-coalgebra maps : K a <8> Kp — > Jf aj g and 
r/ : k ^ K e satisfying the obvious associativity and unit properties. We 
also need antipode maps S a : K a — ► if a -i such that 

Ma-SaOMfyl)) ® fc (2)) = ^a,a-i(^(l) ® S a (fc( 2 ))) = v(^( k )), 

for all 6 -RT Q . It is straightforward to show that K = © Qg( 3 K a is a graded 
Hopf algebra. Conversely, if K is a graded Hopf algebra, then (K a ) a£ Q is 
a Hopf G-algebra. Thus we have an isomorphism between the categories of 
G-graded Hopf algebras and Hopf G-algebras. 

If H_ is a homogeneously finite Hopf G-coalgebra, then K_ = (ff*_i) ag G is 
a Hopf G-algebra, and, consequently, K = © QeG HZ-i is a G-graded Hopf 
algebra. 

If A is a right ^-module algebra, then it is also a left .fT-module algebra, 
with action h* ■ a = (h*, a[i )Q ,-i])o[o] > for all /i* G K a = H^-i- 
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For every a £ G, 

A Hom(>l ® H a -i , A) Hom(# Q -i , A) ® 4 

is the degree a component of K op #A. 

Theorem 10.6. Let H_ be a homogeneously finite Hopf G-coalgebra, and 
A a right H-comodule algebra. Then R = (J) aeG ^Hom(A ® H a -i,A) is 

isomorphic to K op #A as a G-graded A-ring. Consequently, the categories 

G C c 

and Mr^ ov ^ A are isomorphic. 

Proof. We have to show that the /c-module isomorphisms 

A Q : iT*_! ® A^>Hom(H a -i,A), X a (h* ® a)(h) = (h* ,h)a 

transport the multiplication rule ((25J) to ((27|>. Take a,/3 £ G, h* £ H*_ x , 
k* £ Hp-i, a,b £ A, and write / = A Q (/i* ® a), g = \p(k* ® b). For 
/i G Hr a p\-i, we have 

(f#9)(h) = (^*>( 2 ,a-i))a[o]5(^(i,/3-i)«[i,/3-i]) 

= (^*, h (2,a- 1 )) (k* , \lS- i ) a [l,p- 1 ]) a [G\b 

= ( /l %^(2,a- 1 ))(^( : i)^(l,/3- 1 )}(^(*2)' a [l,/3- 1 ]) a [0] fo 

= (A&n * h*,h)(k* 2 ^ ■ a)b 

= Xap(k* {1) *h*#(k* i2 ya)b)(h), 
and we conclude that 

K(h* ® o)#A j9 (Ar* ® 6) = A a/3 ((/**#a) (&*#&)), 
as needed. □ 
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